Chapter 3 - Complex Integration

CHAPTERS

COMPLEX INTE GRATION

We defined the differentiation with IESpect to z in the case of a
complex function, since z is a function of two independent va-
riables xand y, i.e. 7z =x +JYy . Complex integration is approached
in the same way.

Z=X+])Yandw =f (:)=u+jv
where u and v are also functions of x and y. Also

dz =dx +jdy and dw +du +jdv

Jwdz = [ f(2)dz = [(u+jo)(dx+ jay)
= J.{(u dx—vdy)+ j(vdx +u d-")}

Then

ff(z) z= J‘(udx—vdy)-a‘-j(vdx-%u dy)

That is, the integral reduces to two real-variable integrals
I(u dx —vdy) and J.(vdx +udy)

Note that each of these two integrals is of the general form
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which we met before during our work on lipe inte
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CLINE INTEGRALS IN THE Z-PLANEpM
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17 » moves along the curve ¢ in the z-plane and gz, cact
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as associated with it a function of z, i.e. f (z ) then «

f (2) for all such points p,.

and B means that we are eva.
line integral in the z-plap,

A(z=z,) and B(z=z,),
curve ¢, l.e. we are &
X
z- plane ff(z)dz where c¢ is the
C

sat® ioining A to B. :
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~he evaluation of line integrals in the complex plane is&

't—...o“u

- -

~omeour integration. Let us see how it works in practice.
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XAMPLE I»

Evalvare the integral ff Jdz where £ (2)=( 1)

- 2 e
— — Las C‘\u

he straight line joining A(z =0)to B(z =1+j2) -
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Solution P :
N, =XYYL dD = dy 4 1 (/_\‘

A=) =il =) =0 ooy, i2x(y-1)
;= [‘LU -y 4+ 2y- 1) + j(:.l'_\’ - 2.\')} {d_\‘ + _]d\}
7= {. \\ =yt 2y - l)c/.l' —(2.\'_\' - 2.\')(1_\'}

.:-_i.l-{(..n - )d\ +( —y? +2y—l)dy}

Now the equation of AB is AY
v=2x = dy=2dx il B(1+2j)

znd substituting these in the expression
for , between the limits

1= {(x -ax +4x—1)dx - (4x° ~2x)2dx}

.'-j_[';'{(-ﬁ,,r: - 2x)dx+ (2x* - 8x% + 8x - 2)dx}
1= [ (116 +8x 1) dr+ [ (=2x° +6x-2) dx

and this, by elementary integration, gives

I =3(2+j)#
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Remember that, in general, the value of a line integral

the path of integration between the end points, but td%%

integral .[ ( Pdx +Qdy ) is independent of the path o inat Ih._'
oP _ 90 K

in a simply connected region é—y—' " throughout g, rey,

In our example |

= [{(\~ -y +2y—1) dx — (2xy — 2x) dy}

+jf{(2.v)’— 2x)dx+(x* = y % 2y—l)dy}

=1 +] L
If we apply the test tO I, we get

I = H(x: —y?+2y—1)dx—(2xy ——2x)dx}

= [(Pdx+Qdy)
oP
—1 2 — }2 — .-.______ y 2
P=x'—-y*+2y-1 % 2y + _E)_P‘zgg
Q=-—2xy+2x _..‘_"_92:_2),4_2 a_V ox
ox
Similarly
& 2-“{(2@"2)‘)4”(’62 ~y* +2y-1)dy|
= [(Pdx+Qdy)
P=2xy+2x -‘-2{)-:2,\7
ay |, P _2%0
Q=x"-y +2y-1 -’--a~Q-=2x dy oOx
ox J
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Therefore, in this example, the value of the line integral is inde-
pendent of the path of integration.

Tust to satisfy our conscience, determine the value of the line
integral between the same two end points, but along the parabola

.....

As before we have

1=[{(x*=y*+2y —1)dx —(2xy —2x )dy ]
+j[{(2xy —2x)dx +(x*-y* +2y ~-1)dy}
Substituting ¥ = 2x *and dy = 4x dx , the evaluation gives
F=[{(x?—ax* +4x® —1)ar —(4x> ~2x ) 4x dx
+ [ {(4x° = 2x )dv + (x® ~4x* +4x 2 ~1)4x av )
= [[(-20x*+13x 2 =1) dx + [ (~16x° +24x > —6x )

=42+ )

which is, of course, the same result as before.

A
J B(1+2j)
J i
i X
A
z- plane
T
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EXAMPLE 2»
Q
[t =) dl ="

Show that

dpoipray nd in terms of its real and imaginary pa
We write the integrand

f)Y==J) °
Here yer'=% and ¥

u(t) and v(t) are

. .
he integrals of
¢
|

! rt 3| __ 3
. :u:'.'='.(r"-—31)df= z‘— 5 4.and

0

0

t)dr = i(—3r2+1)dt =[—t3 -H]; = {)

0

-
i
B
|

-

—

1 1 5
[ =j)yde=[u@)dr +j[v@)dr =-7
¢ 0 0

EXAMPLE 3b

-

- . 1 ®
t+jit 72 J ( =2
Show that j(f dt =— (54 —1)+= e +l
na ’ 2( ) 2 ( )

SOLUTION
’[- (e 1 / 43 ni

f'u:f"‘” = | ¢! [coe _
’ ' e e dr= f‘ [cost + jsint)dr

’ 0
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-/
/e

".C’ cost dt+] [ e' sintdt
- 0

wecan evaluate each of the integrals via integration by parts We
obtain:

:.-'“_ cost dr =%(€:/2"1) ’

<

an
G

.C: Sint dt =

Therefore,

" i 1+1 1 72 . /2
[e I dy :-2—(8 y -—l)+é(e ! +1).

28CAUCHY'S THEOREM P>

Ve have already seen thatif w =f (z ) where, W =u + jU and

Z=X+]y=>dz =dx +jdy

and

7 (2 )de = [(u+ jo)(dx +jdy)
=I(u dx —vdy )+jJ.(vdx +udy)

Ifc ’ . . .
, 5.2 simply connected closed curve as the path of integration,
n

mf (: )d: =[D‘ (“ dx = Udy )+ J rJ‘I (U dx +u d.\' )
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Applying Green's theorem to cach of the two intcgrals 0
n

hand side in turn, we have: thy

Jv  Jdu
(a) Lﬁ (1 dx —vdy )= _U('":)‘: a :7;—}‘1"7 dy

where S is the region enclosed by the curve c,

Also, it /' (<) is regular at every point within and op th
- . Al . p

al( a (% dd finees aU au
— e T A < 1crefor C— S
v ox " S ox ay 0
f (udx —vdy )=0 (1)
(b) Similarly, with the second integral, we have
fl (vdx —udy)=0
ou Jv
sin vdx —udy )= ————|dx d
L ) ISI ( ox  dy ) ’
Again, if f (z )is regular at every point within and on c, the:
Ju _ Jv P Ju Jdv 0
= = 3 and therefore ———=
dx  dy ox dy

'.i(vdx +udy )=0 (g

Combining the two results (1) and (2) we have the followin
rem:

| Cauchy’ : e
| =AUCYs theorem B If f (z) is regular at every point wit

|

on a simply connected closed curve ¢ then
Sz )dz = (3)
\-——‘-’—Nﬁ-—" ~
sv‘““-—“-‘-““\‘-‘“ _—F‘//
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auchy's theorem by evaluating the

verify €
z )=¢° around the square

-
=

dz ,wher¢ f(
.z =2,2=2+} 2 =1+].

: TTION ] e ) 2 °
soL” 2 —yl—y +]2xy

_y +jy = dz =dx +jdy

fr@a=lle e =il -
: _—.j{{(x: —-yz)dx—-nydy}
+ j[fj!{nydx+ (2* = yz)dy}

ow take each of the sides 1n turn.

2xy}{ dx + j dy}

Wwen
AY
D B C
IS <
v
A
A > B >x
1 2
@aB: y =0 ~dy =0
512
- B SN E
.Lgf(z)dz —L X dx {—3—]1 ._3 3_3
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g, 1)
==l J—':i:":*'jll

\ 3/ 3
Continuing | - -

ng in the same way, the results fg
sides are e omaj

-~ ln' |

©)CD: y =1 ~dy =0 A

D: =3-j3, DA 1-j,
3

-
-

oo TR dz= [T 1) s 5 [ 2xax

5]

Sl=~x| +i]l 27 _
G e
(©)DA x =1 ~dx =)

o

s Vg [0
Joul (2)dz = [F(-), DI+ 1~y )y
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FXAMPLE 2p A region in the z-plane has a boundary ¢

consisting o.t : ) ”

) OA joining Z = 0toz=2

() AB a quadrant of the circle 2]
-|=2 fromz=2t0z=j2

B BO joining Z =32 toz=0.
Vernfv Cauchy's theorem by evaluating
cne invegral [ (27 +1)dz

-l

;i) along the arc from A to B,  (ii) along BO and OA.

O

SOLUTION
f(z)=z+1=(x +jy):+1=(x2—y2+l)+j2xy
Z=x+]y = dz=dx+jdy

So the general expression for j f(z)dz is:

[f@dz=[{(x*=y*+1) +j2xy H{dx+ jdy}

(1) Arc AB:
-X

I:+)’2=4:> y =V4-x?=dy =————dx
V4 —x?

o f (2)de =j2°{(x2-4+x2+1)dx ~2x4-x? ( %]dx}

+L°{zx Va—xde +(x*—4+x H)(%jm}

= [ (4x?-3)ax +on11x—4x3 =2

———dt =——+j],
? Ja—x? 3
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Now we must attend (0 .
l l - X
I 0 /’(’,\ .
/: = J32 v .l . ,l
o =2c080d0 with 5
s " R \”‘() l‘l(l e ’_J“‘z

limits we have »
N _‘__‘\xn(."“‘;;:'\_lﬂ____.JJ 50(10

» BO and OA.

.'>.~> ~

BO r=0 ridx =0
370 "
s =i [ 1=y )ay =y -2 =i
3], 73
OA: y =0 sdy =0
" '{ J {.'f)(lif '-‘jf:(_l‘l-{‘])dx = :‘...:i_{-‘\- ] = 3
3 3
0 :

Coll
Hecting the resulis together, therefore

v(l"‘,/j '/ (:: )(/.’ - !_:! o ?l
373
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